We provide a rigorous, explicit formula for the vacuum relative entropy of a coherent state on wedge local von Neumann algebras associated with a free, neutral quantum field theory on the Minkowski spacetime of arbitrary spacetime dimension. The second derivative under a null translation turns out to be manifestly non-negative being proportional to an energy contribution on the boundary.
Introduction
Recently, much attention has been focussed on quantum information aspects of Quantum Field Theory, an interest that can however be traced back to Black Hole Thermodynamics (see e.g. [21] ). While the physical literature on the subject is extensive, the mathematical foundations are less studied although, in important cases, the mathematical analysis has led to the right physical framework. This is the case, for example, of the Tomita-Takesaki modular theory of von Neumann algebras (see [20] ), which is linked to the KMS thermal equilibrium condition (see [5] ) and is essential in this paper.
We do not attempt here to give an even schematic sketch of the past and actual research on the subject, we rather refer to [11] , and reference therein, for a rigorous approach to the subject. Indeed, this paper is a continuation of the work done in [11] , especially in Sect. 4 , where a first and detailed analysis of the vacuum relative entropy of a localised state has been provided for the chiral, conformal net of von Neumann algebras associated with U (1)-current. Here, we analyse the case of a free scalar field of any spacetime dimension d + 1 (see however footnote 1 for the d = 1 case). While in the U (1)-current case localised states may lead to different representations, in the higher dimensional case a localised state is represented by a vector of the vacuum Hilbert space; we shall consider here only coherent (or exponential) vectors, that however form a total set vectors in the Hilbert space.
Our main result in this paper is contained in Theorem 5.4 and its corollary. Let W a wedge region on the Minkowski spacetime and W λ the sub-wedge obtained by a λ-null translation of W . Let ϕ be the vacuum state, and ϕ h φ +kπ the coherent state associated with a time-zero field and momentum vector given by smooth, real test functions h and k on the time-zero hyperplane. The relative entropy S(λ) = S(ϕ h φ +kπ ||ϕ) between the restrictions of ϕ h φ +kπ and ϕ to the local von Neumann algebra A(W λ ) associated with W λ is given by:
Here, dx = dx 1 dx 2 . . . dx d is the space volume. In particular, the second derivative S ′′ (λ) is non-negative as it is equal to 2π-times a "energy boundary contribution":
The inequality S ′′ (λ) ≥ 0 is closely linked to the Quantum Null Energy Condition, that has recently subjected to extensive investigations. It shows up a new feature in Quantum Field Theory that is being subject of much attention (see [3] and refs therein).
Finally, we refer to [3, 6, 18, 19] for recent literature related to our work. 
Second quantisation preliminaries
where the zeroth component of e h is ξ, thus e 0 = ξ. One may check that (e h , e k ) = e (h,k) , and {e h , h ∈ H} is a total family of independent vectors of Γ(H).
If U is a unitary on H, Γ(U ) (or e U ) is the unitary on Γ(H)) 
(1)
therefore (V (k)ξ, V (h)ξ) = e − 1 2 (||h|| 2 +||k|| 2 ) (e k , e h ) = e − 1 2 (||h|| 2 +||k|| 2 ) e (k,h) and, in particular,
where ϕ ≡ (ξ, ·ξ) is the vacuum state.
By the uniqueness of the GNS representation, the above Fock representation is (up to unitary equivalence) the unique representation of the Weyl commutation relations (on a Hilbert space H) with a cyclic vector ξ such that (ξ, V (h)ξ) = e − 1 2 ||h|| 2 . Let H ⊂ H be a real linear subspace. We put The real linear subspace H is said to be a standard subspace if H is closed and
We refer to [20] and [9, 10] for the modular theory of von Neumann algebras and standard subspaces. (c) Then the modular unitaries and conjugation associated with (R(H), ξ) are given by
Here, ∆ H and J H are the modular operator and the modular conjugation on H associated with H.
A first general formula
Recall that the relative entropy between two normal, faithful states ϕ 1 , f 2 of a von Neumann algebra M is given by Araki's formula [1] S
here ξ 1 , ξ 2 are any cyclic vector representatives of ϕ 1 , ϕ 2 on the underlying Hilbert space (that always exist in the standard representation) and ∆ ξ 2 ,ξ 1 is the associated relative modular operator.
Given a standard subspace H and a vector h ∈ H, we define here the entropy of h by
S h = S H h is strictly positive unless h = 0 and finite for a dense subset of H. If U is a unitary on H, then S U H U h = S H h . We shall see that the relative entropy between coherent states is given by entropy of vectors.
Let h ∈ H and V (h)ξ = e h /||e h || the normalised coherent vector. Suppose H ⊂ H is a standard subspace and let ϕ h = (V (h)ξ, · V (h)ξ) as a state on R(H). Note that
We want to study the relative entropy
between the states ϕ h and ϕ k of R(H). Since
we may restrict our analysis to the case k = 0, namely ϕ k is the vacuum state.
If h ∈ H, we have
with ∆ R(H) the modular operator associated with (R(H), ξ). Therefore
The relative entropy on R(H) between ϕ h and ϕ is given by
Proof.
By (6), the relative entropy between coherent states is given by
Entropy of local vacuum excitations
We are going to consider the Minkowski spacetime R d+1 . We shall use the symbol x for a spacetime vector in R d+1 , x = (x 0 , x 1 , . . . , x d ), while a space vector will be simply denoted by
where the Fourier transform is taken w.r.t. the Lorentz signature and is normalised so that Plancharel formula holds. If f, g are real functions in S(R d+1 ) we have
More generally, if f ∈ S ′ (R d+1 ) is a real tempered distribution, we consider f as an element of H via the embedding (5), providedf restricts to a function on H m in L 2 (H m , dΩ m ).
Let h, k be real functions in S(R d ). We consider the distributions h ϕ , k π ∈ S ′ (R d+1 )
that belong to H (time-zero fields and momenta) and span a dense set of vectors of H. We have
In this paper, A is the local net of von Neumann algebras associated with the free scalar field with mass m ≥ 0. Thus, if O ⊂ R d+1 , we have
where H(O) is the closed, real subspace of the one-particle Hilbert space H = L 2 (R d+1 , dΩ m ) given by
with the embedding S(R d+1 ) ֒→ L 2 (R d+1 , dΩ m ) given by (5 
Proof. by Corollary 3.2 we have
Now, Λ W (s) acts only on the x 0 , x 1 variables,
with ∂ x k the partial derivative w.r.t. x k .
Proof. Note first that, in Fourier transform, we have
because Λ W is isometric w.r.t. the Lorentz metric. Then
where the first integral in the third line is zero becauseĥ does not depend on p 0 , so our lemma is proved. Proof. We have
The first term above, on the last line, vanishes because
x k the space Laplacian and ∇ = (∂ x 1 , ∂ x 2 , . . . , ∂ x d ) the gradient. So our statement follows by Lemma 4.1.
Lemma 4.4. Let h, k ∈ S(R d ) be real with support in the half-plane x 1 > 0. We have
. As a consequence, if h, k are supported in x 1 ≥ 0, then the relative entropies on A(W ) add S(ϕ h φ +kπ ||ϕ) = S(ϕ h φ ||ϕ) + S(ϕ kπ ||ϕ) .
Proof. As ∂ W 0 is a skew-adjoint operator on H, we have
as x 0 δ(x 0 ) = 0. So our statement follows by Lemma 4.1 and formula (7) .
By putting together the above results we have:
Theorem 4.5. Let h, k ∈ S(R d ) be real and supported in x 1 ≥ 0. The vacuum relative entropy on A(W ) of the coherent state associated with h φ + k π is given by
Charges on a constant time hyperplane
We now consider the case of a translated charge.
With f ∈ S(R d ), f real, and t, s ∈ R, set
. Then
Thus the vacuum relative entropies on A(W ) of f and its translated f λ are equal
provided the support of both f and f λ is contained in W .
Entropy for charges crossing on the boundary
We now extend the analysis in the previous section for states with non zero density on the boundary.
With W the wedge x 1 > x 0 as above, let f be a real function smooth function on R 4 with compact support and V (f ) the associated Weyl unitary. As in [11] , V (f ) implements an automorphisms β f = AdV (f ) of A(O) for any spacetime region O. Indeed we have:
and β f is normal on A(O) as it is unitarily implemented.
We set
with χ W the characteristic function of W , and
Now, Lemma 4.1 does not directly generalise to
because f + is not an element of H. We shall however see that the following lemma holds.
Lemma 5.1. Let f be a real function in S(R 4 ). We have:
S(ϕ f ||ϕ) = 2πℑ
Hmf
where the states ϕ and ϕ · β −1 f are restricted to the von Neumann algebra A(W ).
Taking for granted formula (9) for the moment, we now make the entropy computation for charges that are non-zero on the boundary.
Time zero fields
Lemma 5.2. Let h be a real smooth function on R d with compact support. We have
where the states ϕ h φ and ϕ are restricted to A(W ).
Proof. We follow the lines of the proof of Lemma 4.2. So
where the first integral in the third line is zero becauseĥ does not depend on p 0 , so our lemma is proved.
Time zero momenta
Lemma 5.3. Let k be a real function on R d with compact support. We have S(ϕ kπ ||ϕ) = 2π
where the states ϕ kπ and ϕ are restricted to A(W ).
Proof. As in the proof of Lemma 4.3, we have
The above left hand side term does not vanishes this time if k in not identically zero on the boundary:
The right hand side term is also computed as in the proof of Lemma 4.3:
that concludes our proof by adding up the two terms.
Theorem 4.5 thus generalises to S(ϕ h φ +kπ ||ϕ) = 2π
for any real h, k ∈ S(R d ) when the states ϕ and ϕ h φ +kπ are restricted to A(W ).
Note that the second formula in Lemma 5.3 detects the boundary contributions in the relative entropy.
Case of null translations
We now compute the relative entropy S f (λ) = S(ϕ f ||ϕ) on the von Neumann algebra A(W λ ) of the null translated wedge W λ = W + (λ/2, λ/2, 0, . . . , 0),
Equivalently, S(λ) is the relative entropy on W of the translated charge
and similarly (k π ) λ χ W = (k π,λ+ ) λ .
By equation (8) and the above lemmas, we have thus proved the following.
Theorem 5.4. Let h, k ∈ S(R d ) be real. The associated relative entropies S(ϕ h φ ||ϕ) and S(ϕ kπ ||ϕ) on the von Neumann algebra A(W λ ) are given by:
S kπ (λ) = 2π
We then have:
Corollary 5.5.
S ′′ kπ (λ) = 2π
x 1 =λ |∇k(x)| 2 + m 2 k 2 (x) dx .
As in Lemma 4.4, we then have S h φ +kπ (λ) = S h φ (λ) + S kπ (λ) .
Notice, in particular, that S ′′ h φ +kπ (λ) is 2π times the energy on the boundary of W λ of the state ϕ h φ +kπ . This explains why S ′′ h φ +kπ (λ) is non-negative as expected. Finally, we note that the global relative entropy
) depends on the entanglement on the time-zero hyperplane x 1 = λ: S(λ) = 2π R d |x 1 − λ| h 2 (x) + |∇k(x)| 2 + m 2 k 2 (x) dx and S(λ) is minimal when λ is the statistical median of the x 1 averaged energy distribution E(x 1 ) ≡ R 2 h 2 (x) + |∇k(x)| 2 + m 2 k 2 dx 2 · · · dx d , namely analysis in the massive case would require more knowledge of the modular Hamiltonian. The study of the relative entropy for non-coherent states would be natural, see [8] for a first discussion. Finally, the case of interacting models may be examined.
